Abstract. We study how the relationship between students' cognitive ability and their school grades depend on institutional context. In a simple abstract model we show that unless competence standards are set at above-school level or variation of competence across schools is low, students' competence valuation will be heterogeneous, with weaker schools inflating grades or flattening their dependence on competence, therefore reducing the information content and comparability of school grades.
Introduction
Evaluation of students' cognitive achievements supports decisions of future employers, parents, school and college boards and policy makers. The measurement of achievements by cognitive tests raises thorny problems, since their validity is controversial, and concern arises that "only what gets measured gets done". School grades, on the other hand, are costless, abundant, frequent, and population-wide;
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but to be useful they should accurately reflect underlying competence, since the lower their information content, the higher the signaling noise generated by the sender and the de-codification costs incurred by the receiver. The weaker the signal of student competence, the worse the information that others (e.g. universities and employers) must rely upon in order to make admissions or remedial decisions, and the less grades can be used by schools themselves as a tool to motivate students.
The present paper studies how a country's educational system affects the way grading policy varies across schools. We present a simple theoretical model which shows how a school's grading policy may depend on the distribution of competence of its own students, as it happens for example when teachers 'grade on a curve', in which case weaker schools tend to grant higher grades for given level of achievement. The model investigates the relationship between schools' evaluation and actual competence as a function of some characteristics of the educational system prevailing in the country. More specifically, the model identifies four classes of institutional settings, each one implying a well defined relationship between grades and competence across schools. The broad conclusion that theory points to is that the information on competence which grades contain is determined by the competence distribution across schools and on the institutional setting. In the common case of grading on a curve for example, to acquire information on a student's competence one needs to know not only her grades, but also additional information on the average students' competence in her school, so the link bewteen grades and competence is rather weak.
An econometric model is derived from theory and estimated for a sample of five countries, namely Australia, Germany, Italy and The Netherlands, using the OECD-PISA 2003 test scores and the information reported in the students' questionnaire on school grades. Using a probit model we obtain, for each country, an estimate of the relationship between the teachers' evaluation of students' competence and its level as measured by PISA test scores, and how this relationship depends on the mean and variance of students' competence within each school.
We find that each country corresponds rather closely to one of the institutional settings that the theoretical model identifies. In particular, in the Australian educational system grading policies do not seem to vary significantly at the school level, while in Germany, The Netherlands and Italy there seem to be a rather substantial dependence, for a given level of students' competence, between school grades and school characteristics.
To the best of our knowledge, investigating how the relationship between grading and actual competence varies at the school level, and how it depends on aboveschools institutional settings, is rather novel, and we believe that the model proposed here and the empirical results which support it may help to shed light on the connections between school heterogeneity, institutional settings and the informational content of school grades.
In the next section we present the theoretical model. Section 3 contains the empirical findings, and section 4 concludes with some policy reflections.
Theory
As mentioned above, our goal is to study how the relationship between cognitive competence and grades varies across schools, in different institutional contexts. To this end we must model the fact that within each country, teachers' evaluations may differ across schools. This we do next.
In a given institutional context c = 1, . . . , C (we will use 'institutional context' and 'country' interchangeably) there are S c schools, and in each school s c = 1, . . . , S c there are n(s c ) students with competence levels x 1 , . . . , x n(sc) , which we assume to be independent real random variables extracted from some schooldependent cdf F sc . Teachers in school s must choose a (possibly s-dependent) valuation y i ∈ R to students with competence x i , where of course better students should get higher valuations. Thus in each given country, the teachers' task in school s is to choose an increasing valuation map y = v s (x) which is to be used in their school.
Remarks. (i) Valuations y i 's are ultimately mapped into an actual grade which, depending on the country in which the school operates, typically belongs to a set of ordered categories.
(ii) In this model the distribution of competence across schools is exogenous, with endogenous schools' grading policy. One may object that the causal link may go the other way around: for example, families may know that a certain school has low standards and enrol their children in that school to grant them high grades.
While this is logically correct, we neglect such strategic behaviour in the belief that competence within schools is mostly determined by socio-economic factors.
2.1. Heterogeneity within Countries. We start by considering how grading policies vary between schools operating in the same institutional context. The subscript c from s c will be omitted in the discussion which follows.
To model the fact that usually the main issue in grading within schools is what to do with the weak and the strong students, we assume the existence of external constraints which take the form of two reference competence levels x 
For example, y − may denote the minimum valuation required for the pass grade, while y + may be the minimum valuation required for some higher grade. The two reference competence levels x − c (s), x + c (s) may be for example quantiles (like in "n% of the students must pass"), or may be fixed independently of school parameters (like in "To get an A the student must know this and that"). We normalize students' competence level so that in each country it has zero mean and unit standard deviation, and assume that in each school s the low reference competence is below the national average (i.e. Regarding the choice of v s we wish to formalize the idea that teachers, when choosing v s , are constrained by students' perception of unfairness on their part, so that students' relative evaluations must be related to their relative competence.
This can be modeled as the requirement that given any two students with competence levels x and x ′ , the difference in their valuations
Our first result is the following: 
where α(s) and β(s) are given by
Let now z = −x ′ and use the above equation twice to obtain
This is a Cauchy equation, whose only increasing solution is f (x) = cx for some c > 0 (Aczel [1] , Theorem 1 page 34). Hence v s (x) is linear as claimed. The constraints in equation (1) can now be used to give a system of two linear equations into two unknowns which can be solved as claimed.
Linearity of the valuation function in students' competence levels implies that, within each country, schools' heterogeneity affects the valuation process only through the intercept and slope parameters α(s) and β(s). The latter depend on c via x 
In detail, the four institutional settings can be described as follows:
[A] Absolute Valuation. Grades follow common procedures at above-school level.
In this case, constraints on school-level grading amount to setting a common scale, [R] Relative Valuation. The proportion of students below y − and above y + -determined by probability levels p − , p + respectively-is fixed above the school level. In terms of the constraints (1) is fixed.
These specifications need not be determined by written rules; as we shall see, they may be inferred implicitly from analysis of teachers' behavior.
We come to the main purpose of this section, that is to study how the valuation function v s varies across schools when c belongs to one of these institutional contexts. Given linearity this amounts to studying how, in each different setting, the intercept α(s) and slope β(s) vary depending on the distribution of competence levels F s in the school.
We concentrate on the mean µ s and standard deviation σ s of F s , assuming that higher moments have a negligible effect on the valuation function. 2 It is then convenient to simplify notation further: given identification of s with F s and the latter with its first two moments (µ s , σ s ), a school is effectively identified with a pair (µ, σ). In the sequel we shall then write s = (µ, σ).
Using now subscripts for partial derivatives we proceed under the following
be the p − -th and p + -th quantiles of
2 In fact, in our application even the second moment is usually not significant.
Recall that q − (s) < 0 < q + (s) follows from our assumption that, in all schools, low and high reference competence levels are not above/below the national average, which has been normalized to zero. Assumption 3 says that an increase in average competence in a given school implies a uniform upward shift of the two reference quantiles; and the low (high) reference quantile does not increase (decrease) when the dispersion of competence levels in the school increases. This assumption holds for example when F s belongs to a family of location-scale distributions with µ and σ as location and scale parameters. 3 The implications of Assumption 3 are described in the next proposition. 
Proof. We omit the c subscript, and write for example x 
Notice that the sign of α σ is not determined in this case. In case [AL], x − is fixed and x + is the p + -th quantile, so one easily checks that β µ < 0; and α µ = −β µ x − < 0 from x − < 0.
3 Indeed, when F s belongs to a family of location-scale distributions there is a fixed c.d.f. H such that the competence variable, for any school, is distributed as H((x − µ)/σ), so that if z is the p-th quantile, then z = µ+H
, and the claim follows.
Also, β σ = −βx
the argument is analogous to the one just given.
The proposition implies that in institutional settings where [A] holds there is a homogeneous valuation across different school types. This is the benchmark, undistorted system. Its simplest implementation is identifiable with country-level curriculum-based external exit examinations, but we shall see this is not strictly necessary for nationwide standards to emerge. In the other cases, if variation in competence across schools is non-negligible, departure from absolute valuations implies that, within the same country, both the intercept and the slope of the valuation function may become school-specific; in these cases not only valuations in some schools may be uniformly inflated (intercept effect), but also in some schools the less capable students are over-evaluated and the strong ones penalized (slope effect). If these effects are substantial, the grading signal may become much less informative of the students' underlying ability. Quantitative estimates are given in section 3.3 (figure 2 page 17 illustrates).
Application to the OECD-PISA 2003 Survey

An Estimable Equation.
The theory developed in the previous section provides a framework which can be used for empirical estimation. Proposition 1 shows that, under our assumptions, evaluation v is of student i in school s is a linear function of her competence x is , with school-specific slope and intercept. Taking a first order approximation of α and β with respect to school's mean and standard deviation µ s and σ s , and ignoring higher order moments, using again subscripts for partial derivatives for α and β, in each country the valuation of student i in school s in can be written as
with b > 0, while the signs of the other coefficients depend on the institutional setting where schools operate as spelled out in Proposition 2.
Students evaluations may also depend on a vector of student-specific covariates, some of which may be observable by the econometrician while some other may represent residual unobservable heterogeneity. We then augment equation (4) as:
where z i is a vector of observable covariates and ǫ is denotes an idiosyncratic error term. In practice students' evaluations v is are not observed, but can be considered as a continuous latent representation of the observed binary variable p is , which takes value 1 if the student obtains a pass grade (that is, v is >v, wherev denotes the school-independent valuation level necessary to pass), and 0 otherwise. Under the assumption that ǫ is has a standard normal distribution, it follows that the following probit equation holds
where Φ denotes the standard normal link. 4 In our application, whose data are described in detail below, p denotes whether the student has obtained a pass grade in mathematics, x is the PISA measured mathematical competence score, µ and σ respectively measure the mean and standard deviation of PISA mathematical competence in each school, and z contains two covariates, namely student's gender and his/her socio-economic family background. With these specifications, the probit equation (6) is what we estimate. As mentioned above, for estimation purposes the competence variable x is standardized in each country.
3.2. The Data. We use data from the 2003 OECD-PISA Survey, which focused on mathematics, cfr. [8] . Competence is measured by a rescaling of the PISA scores (for details on score assignment cfr. [9] ). Data on grading for the dependent variable are taken from the (optional) student's educational career questionnaire, which the five countries we consider chose to administer. 5 The PISA socio-economic and cultural background index (SE) combines information on the occupational, educational and cultural environment of students' household.
Of interest for our study is how total variance in competence decomposes in variability between schools (between µ s 's in ou model) and within schools. A large relative weight of between-school variance indicates that the higher performing students are grouped together in the same schools and separated from the lower performing students. In such a situation, if valuation is Relative, the difference in competence between students with same grades coming from different schools may be considerable. On the other hand, when differences between schools are small the Relative Valuation case is closer to Absolute; as remarked on page 7, if in the limit between schools variance is zero, models A, R and RL coincide.
In the four countries we are considering there are large differences, with betweenschool variance being around 20-25% in Australia, while in Germany, Italy and The Netherlands being over 50%. This may be due to existence of early tracking and the implied differentiation between vocational and more comprehensive schools. It is instructive to look at the whole distribution of school mean µ besides its variance, and at its relation with within-school variability σ. Indeed, the upper and lower panels of Figure 1 , referring to Italy and the Netherlands respectively, reveal two different pictures. The first presents a 'normal' bell-shaped distribution of µ with within-school variance increasing with school quality: there are relatively few good students in weak schools, but good and poor students alike populate the high performing ones. In the lower panel on the other hand, the bimodality of the mean distribution describes a system partitioned in two performance-based school clusters, a story reinforced by the fact that competence variability in the better schools is lower. Germany is similar to The Netherlands, and as we shall see in these two countries the difference between strong and weak schools in terms of grades are the most pronounced; this fact may have its roots in this 'duality' of their school systems. Finally, in Australia the histogram is bell-shaped and the regression line is slightly downward sloping.
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The second column of table 1 reports percentages of students with grades above pass, and also in this case there are non-trivial differences: in AUS and DEU around 65%. This difference may be due to the different "grades' message space" as we may call it: in ITA and NLD the grade scale is between 1 and 10, with 1-5 being below pass; the others have a grading scale typically made of 5 or 6 different grades with typically the first two grades being below pass. Since the survey is conducted in April-May in all countries so that the 'last mark' is before the final quarter, teachers with a greater choice of below pass grades can send richer warning, work-stimulating messages.
3.3. Estimation Results. Our estimation of equation (6), whose results are contained in Table 2 , is carried out using the sample weights information given in the OECD-PISA study, and adjusting the standard errors of the estimates to take into account the cluster structure induced by the school level sampling. The reported estimates are obtained using STATA's survey probit weighted ML routine with robust linearized SE. To evaluate the quantitative impact of these distortions we compare, for each country, the difference in valuation between a high-performing -'good' to abbreviateand a low-performing -'weak'-school, at a low and at a high level of student performance. Thus we have to specify in terms of µ and σ typical good and weak schools, and two appropriate levels of competence which may be considered representative of good and poorly-performing students. Given benchmark school chosen with µ s and σ s equal to their country average, good and weak schools are taken with µ at the 75th and 25th percentiles respectively, with corresponding standard deviations adjusted along the regression line of σ on µ (cfr. figure 1 ). As to performance, there are six PISA levels in Mathematics, as described in [8] A glance at figure 2 reveals that in Germany and The Netherlands the difference in school grading is substantial; given the same teachers' evaluation, there is a full PISA-level difference in competence between good and bad schools, both at the low and high end of the spectrum. Again, the large difference is partially due to the tracking system present in the two countries, and this may alleviate the signaling problem if it is common knowledge that vocational schools follow different grading practices. In the case of Australia the two lines essentially coincide. Italy is the only country in our sample which falls in [RL], the difference being more marked for low than for high levels. In Italy exams are effectively decentralized, and weaker schools are located especially in the South. Thus the 'political' need not too fail too high a fraction of students from poorer areas may determine a school-dependent x − (s), producing higher grades at the bottom end of the distribution. On the other hand there is a strong national cultural tradition, which apparently induces teachers to require high standards from the best students throughout the country.
The detrimental consequence is that the strong students from poorer areas are in the worst position to differentiate themselves from the others through grades.
We close this section by mentioning the gender and socio-economic background effects. In the PISA 2003 survey males tend to perform better than females in mathematics. Somewhat surprisingly, the results in table 2 say that given performance, in some countries male seem to be penalized in terms of grades, and sometimes substantially so. On the other hand, except in The Netherlands, students coming form higher socio-economic background apparently tend to receive higher grades for given level of competence.
Conclusions
This paper studies the informational value of school grades as a signal of underlying competence, in different institutional contexts. We spell out in a simple theoretical model four classes of systems which may produce distortions at the school level (such as when weaker schools grant higher grades at given skill levels).
In the benchmark case, with competence standards fixed at system level, school grades reflect competence independently of school type. With different patterns of system behavior (e.g. not failing more than a given percentage of students), grades are usually inflated in weaker schools, uniformly or to a larger extent for weaker students.
The theoretical model is applied to data from the OECD-PISA 2003 survey in a sample of 5 countries, namely Australia, Germany, The Netherlands and Italy.
According to our estimates, in Australia heterogeneity does not affect grading practices; in the other countries grades are inflated in weaker schools, uniformly in Germany and The Netherlands, to a larger extent for weaker students in Italy.
Implementing system-wide curriculum-based external exit examinations is of course a sufficient condition for system-wide competence standards. 7 According to our empirical estimates it may not be necessary. In the case of Australia for example, competence standards appear to be fixed at system (country) level, but external exams are held sub-system (state) level. In the other cases, the extent of distortion appears to depend on the variance of school quality and possibly on other characteristics of its distribution.
